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Neurons and Action Potentials
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Circuito Equivalente
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Hodgkin & Huxley (HH) equations

dV
I= OM +9K“‘(V — Vi) +Inam®h (V — —Vxa) +3:(V =F),

dn/dt=a,(1—n)—B,n,
A/t = (1 —m) — By
d}&/dt=ﬂh(]. ‘“h) “-_th,

«, =0-01 (V+10)/(exp V;Lom_l),

B, =0-125 exp (V/80),

o, =0-1 (V+25)/(exp V;)%—I),

B,.,=4 exp (V/18),
o, =007 exp (V/20),

V +30
ﬁh-—l/(exp 0 +1).

Hodgkin A.L., and Huxley A.F. (1952). A quantitative description of membrane current and its
application to conduction and excitation in nerve. J. Physiol. 117: 500-544




Hodgkin & Huxley (HH) equations

dV
I= OM +9K“'(V — Vi) +Inam®h (V — —Vxa) +3:(V =F),

dn/dt=0,(1 —n)—Bun,
dm/dt =, (1 —m) ~Bmm,
d}‘/dt=“h(1“h)"_ﬁu":

dv
C = f(V,m,h,n
o & = tv.mnn)
[ dn _ ) f Voltage-dependent )
L dt g(V,n)) ‘ L potassium channels )
/dm . ) 4 )
E J(V’ ) Voltage-d dent
oltage-dependen
dh k(V h) ‘ Sodium channels
_dt V N\ v

Hodgkin A.L., and Huxley A.F. (1952). A quantitative description of membrane current and its
application to conduction and excitation in nerve. J. Physiol. 117: 500-544



Stochastic Nature of lon channels



Stochastic Nature of lon channels

(A)

(mV)
ho oo

-100

Membrane potential

Cell-attached recording
Recording pipette

U

-
Inside-out recording

Microscopic I E 'g

Tight contact between
pipette and membrane

P

I {P A)

Summed
microscopic




Working with stochastic channels

dV _ -
I=CME+gKn‘ (V =Vg)+dnam®h (V =Vya) + G, (V W),
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Firing Threshold
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Lecar, H and Nossal, R. (1971) Theory of threshold
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Better stimulus/response relationship
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Summary

* The electrical activity of neurons arise from ion channel
function and their voltage-dependency.

* Opening and closing of ion channels is stochastic.

* Channel noise introduces new dynamics into the
function of the CNS.



DO’S AND DON'TS OF
MODELING STOCHASTIC
ION CHANNELS



Making a Stochastic H&H

dvV _ _
I=CME+9K"" (V =Vg)+nam® (V —Vy,) + 3, (V —=V),

dnfdt =, (1 —n)—B,m,
dm/dt =ot,,(1 —m) ~Bmm,
d}"/dt=%(1‘“h)“'ﬁhks

a, =0-01 (V+10)/(exp V:_[}m—l),

B, =0-125 exp (V/80),

o, =01 (V+25)/(exp fob-l) ,

Bm=4exp (V/18),
a, =007 exp (V/20),

¥V +30
ﬁh_l/(exp 0 +1).




Making a Stochastic H&H

dvV _ _
I=CME+9K"" (V =Vg)+nam® (V —Vy,) + 3, (V —=V),

dnfdt =, (1 —n)—B,m,
dm/dt =ot,,(1 —m) ~Bmm,
d}"/dt=%(1‘“h)“'ﬁhks

Oﬂi,Bi =1(V)
(i=m,n,h)
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Making a Stochastic H&H —
Markov Chains

dv , _ _

OLha
NNa hO <B_ hl
h

O(‘ma
BNNa mO (B— ml

(X’na
4NK nO <[3_ nl

Oﬂi,Bi =1(V)
(i=m,n,h)



 The conductance is proportional to a probability
raised to the fourth (or third) power.

* Asimple interpretation is that in order to observe
an increase in conductance, four (or three) i.i.d.
events have to occur at the same time.

e 30 years afters, it was known that voltage-
depenendent ion channels have 4 voltage
Sensors.
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Making a Stochastic H&H
Diffusion Approximation

dv _ _
I=0M¥+9xﬂ" (V =Vg)+Fnam®h (V —Vyo) + 5, (V =F),

Y
3Ny, ™M
4N g

Fox and Lu, 1994: Fox 1997



How ‘approximate’ is the Diffusion Approximation?

Annals of Biomedical Engineering, Vol. 30, pp. 578-587, 2002
Printed in the USA. All rights reserved.

Comparison of Algorithms for the Simulation of Action Potentials
with Stochastic Sodium Channels

HIROYUKI MINO,' JAY T. RUBINSTEIN,? and JOHN A. WHITE®

Annals of Biomedical Engineering, Vol. 35, No. 2, February 2007 (@ 2006) pp. 315-318
Implementation Issues in Approximate Methods for Stochastic
Hodgkin—Huxley Models

Ian C. Bruce
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Is it a fair comparison?

Markov Chain (MC) modeling Diffusion Approximation (DA)
. . . I=Cy G +5n® (V Vi) + Gu¥h (V = Vi) +3,(V ),
mohy demt m,hy 12=E’mt m,h, ﬁt msh, dh _ o, (1= h) =P+ &, (1) :;‘o:,,(l—h)+ B,h
ahuﬁh o, a,ﬂﬁh 2., ochuﬁh . aﬂﬁh dt Ny,
mgh B;mt mqh, 12:Bmt mzh, %mt mgh;, oji_r:i o (l=m)=Bm+E, () ::'Ot,,, (1;$)+ B,m
Yo

3

? o
Correct DA Ny ™ =22 M,



DA for a multi-state MC

d
a Ypr = Rpr(y} + Spr qsgqs(ﬂa

The matrix S, .. satisfies

, The complete Langevin treatment given above requires that
(S)pras = Dprass at each time step the square root matrices, S, must be
computed for both the potassium and the sodium terms.

1
Dprqs@} = m [quars{(pﬁm + (3 - p)am)ypr
computation. Recently we have shown that a faster approx-

+ (P + DBnyper1 — ) imate implementation is possible in which one numerically
+ (B3 = (p— Danyy—idl — 8,0 solves the simultaneous system of equations, Egs. 1-8, but
in which Eqs. 3-5 are made stochastic directly. They take
+ B+ (L= oy + (4 Dy i i B e
- (1 - lJ‘-er] + {1 - l:.i“ - ll)uh}’pr—]{l - alt})} d
- Srs{p.Bmaqp—l(l - 8q3)}'pr + (3 - p)amaqp+l E.i_' n= ﬂ'n{l - H] - Bnﬂ + g-“(f] (30)
'{1 - aqﬂ')ypr + ‘?Bmapq—l(] - SpSqus
d
+ (3 - q}amapq+](1 - Spﬂ)yqs} a h = l:[h(l - h} = .l?fhh + g"h{f) (3])
o apq{rﬁhasr—]{l - Ssl)ypr
_ _ d
(= Dbl = diolype + Bidremy M=ol —m) = Bum+ Zu(D,  (32)

- {1 - &1)}&;; + (l - S:Iahars+l(l - arl}]yqs}]'

Fox and Lu, 1994: Fox 1997
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Potassium channel

4o, 3a, 20, Op I
Bn 2B, 3Bn 4B, g(o 12 s g
dx
— = AX+ Sx,
dt
¢ 4a bn 0 0 0O u
~ U
3461n - 3an— bn 2bn 0 0 3
— € - - u R
AK—é 0 3an 26\n 2bn ?:bn 0 0 SS p— D
e u
é 0 0 Zan 'an' 3bn 4bn1:J
§ 0 0 0 a, - 4b.3
g4anO + bnl - 4an - bnl 0 0 0 ‘d
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§ 0 0 0 -an, - 4bn, an, + 4bn,



—L=(4a,n,- bn, - 3an +2bn,)- x
—2=(3a,n,- 2bn,- 2an,+3bn,)- x

—2=(2an.-3bn.-an_+4bn )- x

using Cholesky decomposition,

J4an +bn, 0 0 0 ofj

S Jaan, +bn, 3an, + 2bn, 0 0 0y
0 - J3an, + 2bn, f2an, + 3bn, 0 o}
0 - \/Zanz + 3bn, \jans + 4bn, O{j

0 0 - «/ang + 4bn4 Oé

|

x
=z
X
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o

w
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o

= ( 4an, + bnn1)+ X \/4ann0 +bn,

1
1\/@

\/4ann0 + bnnl + X, an + 2b n,

1 W ﬂ"’

n,+ 3bnn3

ﬁ\/Za
\/_\/a n,+ 4bn,

n 2 n -3 n -3 n 4 BWJza




Sodium channel?

mh04=tmh <=tmh <=tmh

2Pm 3Prm
uh 304y uh 204, uh O uh
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An alternative approach

Denote)(i = NXi, the number of channels in state i, and X to be the corresponding vector.

Assume that X (t) is known, and we wish to calculate X (t +dt )
Forall1! J ,we define the channel transition step

D () the number of channels switching
(1) = _ . i
! from state j to state i during (t,t +dt)

D, (t) is a Random Variable (RV) composed of the sum of n = Xj(t) independent events
(“trials”), in which a channel either switched states, with probability of p = Aijdt , or did not
switch states, with probability 1 - Aijdt (to first order in dt ).

This entails that for all 1! j, Dij(t) are independent and binomially distributed with

n= Xj(t) and p = Aijdt.



We use the properties of the binomial distribution and find the mean

<Dij(t)> =np= Xj(t)Aijdt : (1)
And the variance
Var (Dij (t)) =np (1 — p) =X, (1A, dt (1 —Aijdt) . )
Since Dij (t) are independent
Cov(D, (t).D,,®)=d,d, Var(D,(t)). ()

where d, = 1ifa = Db, and0 otherwise.

Inthelimit N ® ¥ ,dt ® O:
N® ¥ and p ® O for the binomial distribution of each D, (t).

This allows us to approximate Dij (t) by a normal distribution with both mean and variance equal to

np = Xinjdt (by the central limit theorem).



At each dt, Xi changes according to the sum of channels entering and leaving state |

dX, (t) =X, (t+dt) =X, (t) = >(D, (t)-D, (t)) - (4)

J

Assuming Dij (t) are all normal, then dX (’[) (the of vector of d)(i (t)) is also normal, as a linear

combination of independent normal RVs. Since the distribution of normal variables is entirely
determined by their mean and covariance, we calculate them.

We use eq. (1) to find the mean of eq. (4)

m,, (i) = (dX, (t)) = 2 (A%, 0 - A X, O pit

]



Next, using eq. (3) we find the covariance
Ry (i,7)= Cov (dX, (t).dx  (t))
= COV(Z(Dik(t) -D,®) > (D,,)-D,, (t))j
= Cov(z D,(),>.D,, (t)] +Cov (Z D,(t),>.D,, (t)}

—Cov (Z D, ().>.D,, (t)j —Cov [Z D, (t), ZDjm(t)j

=d, Zk:(kCov(Dik(T[), D, () + Cov([;ki(t), Dki?t)))

~Cov(D,(t),D,(t)) - Cov(D, (®),D, (t))

! Z(Var(Dik(t)) + Var(Dki(t))) ~Var (D, (t)) - Var (D, (1))
Using eq. (2), neglelc(ting dt® terms and dividing by dt we obtain

iRdx (i’j)_{é(Aika(t)+AkiXi(t)), Ifl :j_ : (5)
—A_X (1) —Ainj(t) AF T # |

jitoi



Since we now know the mean of dX (t) and the covariance between all of its components, we
can write
dX = My + RdXZ’

where Z is a vector of independent Gaussian RVs with mean zero and unit variance.
To derive an SDE for x = X/ N we divide by N and take the limit of dt ® 0, yielding

with S = \/B,Where
Lo )= L IBAROAX )i =)

= — 5 k=i

N _Ajixi(t) —Ainj('[) JAF 1 # ] |

Nt




A simple example

o Do
1] —2—3
App Ag
we write
dxl = D12' D21
dX2 = D21' D12 + D23' D32
dX3 = D32' D23

We can calculate the means, using <Dij (t)> =X ; (’[)Aijdt

(dX,) = X Adt- XA, dt

2 12 1 21

(dX,) = - XA dt + X A, dt- XA dt + X A, dt

1 21

(dX,) = XA dt- X A, dt



A21 A23
1 —2—3

A12 A32

DenotingW . = D. - D . we noticethat D. can be combined in opposing pairs
ij ij ji 1

Xm :W12
dxz = 'W12 +W23
dX3 = -W23

Denoting Yij (t) :Wij (t) — <\Nij (t )>, we obtain
dX, = (dX,)+Y,,
dX, = (dX,)- Y, +Y,,
dX, = (dX,)- Y

23

where Y Y23 are normal, independent, with zero mean and

12?
Var(Y,,) = Var(D,,) + Var(D,, ) = X ,Adt + X A, dt
Var(Y,,) = Var(D,, ) + Var(D,, ) = X A, dt + X At



Now we can write

dX, = X, ALdt- XA dt+Z X Adt+ X A, dt

2 12 121
dX, = - X A dt + X A dt- X A_dt + X A dt
- ZX AL+ XA+ Z, XA dE+ XA, dE
dX, = X A dt- XA dt- zz\/x Adt + X A_dt

with Z,,Z, are normal, independent, with zero mean and unit variance.

Dividing by N and taking the limit dt ® O, we finally obtain the SDE
dx,

xA —xA +—x XA +xA

dt FN \//2 12

dx 1

——-xA + XA, - XA, +xA-—xx + XA, T =X XA, T XA
dt ﬁN \/2 12 121 ﬁN 2\/2 32

dx,

xA -xA - —x\/xA +xA

dt \N 2 32



A21 A23
1 —2—3

A12 A32

2 12

dx, = (xZA - x1A21)dt + ﬁ\/x A,+ xA dW,

dx2:(-x2A12+xlA - XA, T XA )dt-

3 23

VKA, + XA, AW +—\/XA + XA AW

2 32

dx, = (XZA - XA )dt-

3 23

\/XA + XA dW_

2 32

each component of dW _

e is associated with a transition pair i f |

e multiplied by \/(Aijxj +Ajixi)/ N

e appears in the equations of dXi and de with opposite signs.

The variances in the SDE are ‘transition-centric’ and not ‘state-centric’



JOURNAL OF CHEMICAL PHYSICS VOLUME 113, NUMBER 1 1 JULY 2000

The chemical Langevin equation

Daniel T. Gillespie®
Research Department, Code 4T4100D, Naval Air Warfare Center, China Lake, California 93555

Equation (22) thus 1im-
plies the equivalem “‘white-noise form”’ Langevin equation

d X

—_z V5id }+Z Vil .s X(1)15(1)

(i=1....N), (23)

where the I';(7) are temporally uncorrelated. statistically in-
dependent Gaussian white noises.

Sum over the ji transitions



Potassium channel (again)

3a,

4o,

dn 1

4 b 4 b
dd ( a n + n )+ X ,NK \/ annO + nnl
n

1
—L=(4an,- bn - 3an + 2bnn2)- xf\/4an +bn +x, \/3an +2bn,
N \/7

d

%: 3an,- 2bn,- 2an,+3bn.)- x F\/3an +2bn, + X, ﬁ\/Zan +3bn,
%: 2an,-3bn.-an +4bn) x\/_\/Zan + 3b n, +x\/_\/an + 4b n,
d

dr1[4 = (a,n,- 4bn,)- x4ﬁ\/ann3+ 4b n,



DA for a 8-state MC (Na channel)

mgh, 1:! m,h, 1=t m,h, 1=! msh,

2B 3Bm
ﬂh 3a,, ﬂh ' uh o uh

m0h1 z=t m1h1 z:t m2h1 z:t m3h1

B 2B 3Bm
d’;_f’u = (= 3o, myhy + B mfy = o mohy + Bmgh )+ &, 3o, mohy + B mby + & Jomyhy + Bmoh,
a};f?“ = Bou,mohy = Bmhy = 200, my + 2B, mhy — o, mby + Bmhy )= &, S, mhy + B mby + & 200, my + 2B, mhy + &g Joumby + Bmh
dﬁcj;‘hu = (20, 111, — 2B, mlyy — o1,y + 3B, iy — oyl + By ) - &, 2o my + 2B mohy + & Jon mohy + 3B, mby + & Jonmhy + Bmohy
dﬂ;rh (cr,m,lry = 3B, ity — o mily + Bymihy ) - §3,__:-"ccmm2hu + 3P,y + & Jon sty + By
% = (= 3o,y + By + ctmphy — Bymyh )+ &, ol + BBy — & joumyhy + Bmyhy
% = (3ot mhy — Bty — 200,my + 2B, moy + oy = Bynhy )= &y Bou,mohy + By + & [200,mby + 2B, moly — & Jo,mdy + B mhy
d’;i?% = (20, m4 = 2B,y = o mohy + 3B mly + o mhy = Bymhy )= &g 20, mB + 2B my + &y Joumohy + 3B, muy &g fou,myhy + Bymohy
a};ih’ = o myly = 3B, + cymohy — Bymihy )= &0 Joumyhy + 3B, my — &, Jov,mihy + B,myhy
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A fair comparison
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Diffusion Approximation (DA)
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1 - Mammalian Ranvier node model (Rb)

Test in ‘current clamp’
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Results! — Model 1
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Results! — Model 2
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What matters is the ‘state representation’ of the model, and not the
simulation algorithm.

2-state representation is less noisy.



Procesing time (s)
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Time to perform a 500 seconds simulation using the NEURON simulation
environment under Linux in a Core i7 machine.



Conclusions Il

* The Diffusion Approximation algorithm, when

properly implemented, produces the same results
as Markov Chain modeling

* Asimple implementation of DA is presented, which
reaches real time simulation speed allowing its
application in dynamic clamp and complex
neuronal models.

* The two-state representation introduces less
variability than the full-state kinetic
representation.

— Studies using the two-state representation are
underestimating channel noise.



Other Implementations

* Goldwyn & Shea-Brown 2011

— Numerical calculation of matrix square root at each

time step
— First implementation used steady state
approximation
* Linaroetal 2011
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Steady-state aproximation
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Hodgkin&Huxley v/s Rubinstein

H&H Model Rb Model

* Based on giant squid axon  Based on mammalian Node
@62C of Ranvier @ 3729C

e Action potential: ¥2 ms e <1ms

* Channel time constans:

— 0.2-0.5 ms (Na) — <0.025 (Na)
— 1-6 ms (K) — 0.1-1(Nainact)



Other benchmarks (Linaro 2011)
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