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EXISTENCE OF MINIMIZERS ON DROPS∗

R. CORREA† , P. GAJARDO‡ , L. THIBAULT§ , AND D. ZAGRODNY¶

Abstract. For a boundedly generated drop [a,E] (a property which holds, for instance, whenever
E is bounded), where a belongs to a real Banach space X and E ⊂ X is a nonempty convex
set, we show that for every lower semicontinuous function h : X −→ R ∪ {+∞} that satisfies
supδ>0 infx∈E+δBX

h(x) > h(a) (BX being the unitary open ball in X), there exists x̄ ∈ [a, E] such
that h(a) ≥ h(x̄) and x̄ is a strict minimizer of h on the drop [x̄, E].
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1. Introduction. Classical results related to the existence of minimizers re-
quire compactness of the set of restrictions (Weierstrass theorem) or boundedness
from below of the objective function (Ekeland variational principle [6]). The pur-
pose of this work is to show that there exist minimizers in some particular contexts
where the mentioned assumptions do not necessarily hold. Namely, for a given lower
semicontinuous function (lsc) h : X −→ R ∪ {+∞} defined on a Banach space
X , if we consider a nonempty convex set E ⊂ X (closed or open) and a point
a ∈ X such that h(a) < h(x) for all x in a neighborhood V of E, and the drop
[a,E] := {ta+ (1 − t)y | t ∈ [0, 1], y ∈ E} is boundedly generated, which holds, for
instance, whenever E is bounded, then we prove that there exists x̄ ∈ [a,E] \ V such
that h(x̄) ≤ h(a) and h(x̄) < h(x) for all x ∈ [x̄, E] \ {x̄}. In particular, this result
says that for some point x̄ in the drop [a,E], the function h has its strict minimum
at x̄ on every segment [x̄, e] with e ∈ E. This is an existence result for a minimizer
to be at a vertex of a truncated cone generated by the set E. The result is obtained
even for functions which are not bounded from below on the drop. The arguments of
the proof are based on the maximality principle established by Gajek and Zagrodny
in [7].

In the next section we define the boundedly generated drop property, giving some
examples and preliminary properties of such sets, and afterward we establish the
main result of this work: existence of a minimizer on a boundedly generated drop. In
section 3 we apply this result to obtain the Daneš drop theorem (see [4], [1]) which is
equivalent to the Ekeland variational principle, the Krasnoselskii–Zabreiko renorming
theorem, the Caristi fixed point theorem, and the Brézis–Browder generalization of
the Bishop–Phelps theorem as it was observed in [5] (see also [8], [9] for results on
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the drop properties), establishing a clear link between our result and these classical
variational principles.

Throughout the paper X stands for a real normed space and BX for the unitary
open ball in X centered at zero. As usual, we denote by B(x, r) (resp., B(x, r)) the
open (resp., closed) ball with center x ∈ X and radius r > 0.

By cl we denote the topological closure of set, i.e., the closure with respect to the
norm. For a ∈ X and a nonempty set E of X , we define the drops

[a,E] = {ta+ (1− t)y | t ∈ [0, 1], y ∈ E};
]a,E] = {ta+ (1− t)y | t ∈ [0, 1[, y ∈ E}.

Given a nonempty set S ⊂ X , we write dS(·) for the distance function to S.
For an extended real-valued function φ defined on X and a nonempty subset

C ⊂ X , we define the limit of infimums of φ over enlargements of C by (see [2])

(1.1) linf
v∈C

φ(v) := lim
δ→0+

inf
v∈C+δBX

φ(v) = sup
δ>0

inf
v∈C+δBX

φ(v).

It is not difficult to prove (see [2]) that the equality

linf
v∈C

φ(v) = inf
v∈C

φ(v)

holds whenever the set C is compact and φ is lsc. This equality also holds true for
every nonempty set C ⊂ X when the function φ is uniformly continuous on C + sBX

for some s > 0.
In some developments we will deal with extended real-valued functions g : Y −→

R∪{+∞} defined on a general set Y (eventually not necessarily normed). The domain
of such functions will be denoted by dom g, that is,

dom g = {y ∈ Y | g(y) < +∞}.

2. Existence of minimizer in a drop. The following section is devoted to
showing, for a given lsc h : X −→ R ∪ {+∞}, the existence of an element x̄ in a
boundedly generated (see Definition 2.1 below) drop [a,E] such that h(x̄) ≤ h(a) and

h(x̄) < h(y) ∀y ∈ [x̄, E] \ {x̄},

where E ⊂ X is a nonempty convex set and a ∈ X satisfies the inequality h(a) <
linfx∈E h(x).

This existence result requires neither the compactness assumption on the drop
nor the boundedness from below assumption on h. It seems that only the shape
of the drop, besides the completeness of the space, guarantees the existence of the
minimizer. Thus, concerning the feasible set of minimization, neither the assumption
of the Weierstrass theorem nor that of the Ekeland variational principle is fulfilled.

Let us start by defining the concept of boundedly generated drop.
Definition 2.1. Given a nonempty convex set E ⊂ X and an element a /∈ E,

we say that the drop [a,E] is boundedly generated if [a,E] \ E is bounded.
An example of a boundedly generated drop is shown in Figure 2.1.
A useful result in order to deal with boundedly generated drops is given in the

following lemma.
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Fig. 2.1. Example of a boundedly generated drop.

Lemma 2.2. Let E ⊂ X be a nonempty convex set, and let a /∈ E. Then the
drop [a,E] is boundedly generated if and only if there exists a convex bounded subset
Q ⊂ E such that

(2.1) [a,E] \ E = [a,Q] \E.

Proof. Let us prove only the nontrivial implication, i.e., the existence of a convex
bounded subset Q ⊂ E such that (2.1) holds whenever the drop [a,E] is boundedly
generated. In that case, for δ > 0 let us define the following bounded convex set:

Q := E ∩ co (([a,E] \ E) + δBX) ,

where co stands for the convex hull.
Take x ∈ [a,E]\E different from a (the case [a,E]\E = {a} ensures the equalities

[a,E] \ E = [a,Q] \ E = {a}, and the proof is finished). Then there exist t ∈ ]0, 1[
and e ∈ E such that

x = (1 − t)a+ te.

Define te := inf{s ∈ [0, 1] | (1 − s)a+ se ∈ E}. By the convexity of E we get te ≥ t;
otherwise x ∈ E, which contradicts the choice of x �∈ E. From the definition of te
there are α ∈ [te, 1] and β ∈ [0, te] such that

(α− β)‖a− e‖ < δ,

along with zα := (1− α)a+ αe ∈ E and zβ := (1 − β)a+ βe /∈ E.
Hence,

d[a,E]\E(zα) ≤ ‖zα − zβ‖ = (α− β)‖a− e‖ < δ

and zα ∈ E, which implies zα ∈ Q. Since α > t (if α = t then x ∈ E, which
contradicts x �∈ E), we conclude the proof from the equality

x =

(
1− t

α

)
a+

t

α
zα ∈ [a,Q] \ E.

Example 2.3. Let Q be a bounded convex set, a ∈ X , and E := {x = t(q−a)+a |
t ≥ 1, q ∈ Q}. Then [a,E] is a boundedly generated drop. This example is slightly
pathological. For instance, if Q = B(0, 1) and a = 0, one has E = X . This observation
puts in evidence that we have to assume a �∈ E (in Definition 2.1) in order to have an
interesting class of sets.

Example 2.4. If E is bounded, then [a,E] is boundedly generated for all a ∈ X .
Example 2.5 (Figure 2.2). If X = R

2 and E = {(x, y) ∈ R
2 | xy ≥ 1, x > 0, y >

0}, for a = (0, 0) the drop [a,E] is not boundedly generated but, if a = (x0, y0) ∈ R
2
+

(where R+ = [0,+∞[) with 0 < x0y0 < 1, the drop [a,E] is boundedly generated.
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Fig. 2.2. Example 2.5: Configuration of a and E that implies (left) and does not imply (right)
a boundedly generated drop.

This example shows that the boundedly generated property can be very unstable
with respect to the position of the point a ∈ X .

Remark 2.6. If X = R
2, a = (0, 0), and E = {(x, y) ∈ R

2 | y > 0}, then
[a,E] = E∪{a} and for any bounded subsetQ ⊂ E we get [a,Q]\E = [a,E]\E = {a}.
For some results, we will need a /∈ clE, and therefore, this example does not fit in
this context.

Example 2.5 can be also used to observe that if a drop [a,E] is of the form
a + C, i.e., [a,E] = a + C, where C is a cone, then we cannot expect that the
drop be boundedly generated. However, whenever the cone C has a compact base,
a small perturbation of the set E is enough to get a boundedly generated drop; i.e.,
the compactness of the base of the cone maintains the drop [a,E + εBX ] boundedly
generated for all ε > 0, as we will see in the next proposition.

Proposition 2.7. Let X be a Banach space, let a ∈ X, and let D ⊂ X be a
compact subset such that 0 �∈ D and C = [0,∞[D. Assume that E ⊂ X is a convex
subset such that [a,E] ⊂ a+ C and a+D ⊂ [a,E + δBX ] for every δ > 0. Then for
every ε > 0 the drop [a,E + εBX ] is boundedly generated.

Proof. Fix any ε > 0. Observe that

[0, E − a+ εBX ] \ (E − a+ εBX) =
(
[a,E + εBX ] \ (E + εBX)

)
− a,

so in order to prove the boundedness it is enough to do it for a = 0, since the
boundedness is invariant relative to the shifting. So let a = 0. Let us suppose the
contrary, that is there is a sequence {xk}k∈N ⊂ [0, E + εBX ] \ (E + εBX) such that
limk−→∞ ‖xk‖ = ∞. For every k ∈ N there are tk ∈ [0, 1], αk ∈ [0,∞[, dk ∈ D,
ek ∈ E, bk ∈ BX such that

xk = tk(ek + εbk), tkek = αkdk.

By the compactness assumption we may assume that dk −→ d ∈ D; otherwise we
choose a proper subsequence. Of course αk −→ ∞, since ‖xk‖ −→ ∞. It follows
from the inclusion D ⊂ [0, E + δBX ] for every δ > 0 that there is M > 0 such that
Md ∈ E + ε

2BX . Now define a sequence {sk}k∈N ⊂ ]0, 1[ as follows:

sk := min

{
1,

M

αk

}
.

We have sk −→ 0, skαk = M for k large enough. Put yk := skxk. Observe that
yk ∈ [0, E+ εBX ] and [0, xk[∩(E + εBX) = ∅, by the convexity of (E+ εBX) and the
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choice of the sequence {xk}k∈N ⊂ [0, E + εBX ] \ (E + εBX). In fact, if there exists
z ∈ [0, xk[∩(E + εBX), then xk ∈ [z, E + εBX ] = E + εBX , which contradicts the
choice of xk. Thus

(2.2) yk ∈ [0, E + εBX ] \ (E + εBX)

for every k ∈ N. On the other hand, for k large enough we have skαk = M , and
therefore skαk(dk − d) + sktkεbk −→ 0, implying

yk = Md+ skαk(dk − d) + sktkεbk ∈ (E + εBX),

which is a contradiction with (2.2).
In the next lemma we show that the boundedly generated property can be inher-

ited by some included drops. Namely, if [a,E] is a boundedly generated drop, then
[x,E] is boundedly generated too whenever x ∈ [a,E] \ E; that is (see Lemma 2.2),
there exists a convex bounded set Q1 such that [x,E] \E = [x,Q1] \E. Moreover, we
show below that the set Q1 is independent from the choice of x ∈ [a,E] \ E.

Lemma 2.8. Let E ⊂ X be a nonempty convex set and let a /∈ clE. Assume that
a convex subset Q ⊂ E is such that [a,E]\E = [a,Q]\E, and define Q1 := [a,Q]∩E.
Then we have the following properties:

1. [a,Q1] \ E = [a,E] \ E.
2. For all x ∈ [a,E] \ E, one has

[x,E] \ E = [x,Q1] \ E.

Proof. The proof of the first statement is straightforward, so let us prove the
second one. Fix x ∈ [a,E] \E = [a,Q1] \E and take y ∈ [x,E] \E. Then there exist
αx, αy ∈ [0, 1[ such that

x = (1− αx)a+ αxqx for some qx in Q1,

y = (1− αy)x+ αyby for some by in E.

We claim that

(2.3) [a, by] ∩Q1 �= ∅.
Indeed, if by ∈ Q1, then obviously by ∈ [a, by] ∩ Q1. If we suppose that by �∈ Q1, this
yields

(2.4) by /∈ [a,Q]

because by ∈ E and Q1 = [a,Q] ∩ E. Furthermore, the relation a /∈ clE ensures that
[a, z] ∩E = ∅ for some z ∈ ]a, by], and hence

[a, z] ⊂ [a,E] \ E = [a,Q1] \ E ⊂ [a,Q1],

where the equality is due to the first assertion of the lemma. The inclusions [a, z] ⊂
[a,Q1] and z ∈ ]a, by] provide some λ, μ ∈ [0, 1[ such that

z = λa+ (1− λ)by = μa+ (1− μ)q1

for some q1 ∈ Q1. If λ ≥ μ, we obtain that q1 ∈ [a, by] ∩ Q1, thus proving (2.3). If
λ < μ, we conclude that by ∈ [a,Q1] ⊂ [a,Q], which is a contradiction with (2.4).
Therefore, (2.3) holds.
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Now, for any q ∈ [a, by] ∩Q1 consider αq ∈ [0, 1] such that q = (1 − αq)a+ αqby.
Observe that [q, qx] ∩ [x, by] �= ∅. Indeed, since x = (1− αx)a+ αxqx, with αx < 1, if
we put

α :=
(1− αx)αq

1− αxαq
, r :=

(1− αq)αx

1− αxαq
,

we see

(1− r)q + rqx ∈ [q, qx] ⊂ Q1, (1− α)x + αby ∈ [x, by]

and

(1 − r)q + rqx = (1− α)x+ αby,

proving [q, qx] ∩ [x, by] �= ∅. Choose qy in the latter intersection. Then qy ∈ [q, qx] ⊂
Q1 ⊂ E, so [qy, by] ⊂ E (since by ∈ E). Combining this with the relations y ∈ [x, by]\E
and qy ∈ [x, by] yields y ∈ [x, qy ]; thus y ∈ [x,Q1], which proves the inclusion of the
first member of assertion 2 into the second one. Since the converse inclusion is evident,
the proof is finished.

If we have a boundedly generated drop [a,E], then any drop of the form [a,E+C]
is also boundedly generated, whenever C is bounded convex with 0 ∈ C. This is
explained in the lemma below.

Lemma 2.9. Let C ⊂ X be a bounded convex set with 0 ∈ C. Let E ⊂ X be
another convex set and let a �∈ clE. If the drop [a,E] is boundedly generated, then
the drop [a,E + C] is boundedly generated too.

Proof. Choose by Lemma 2.2 a bounded convex set Q ⊂ E such that [a,E] \E =
[a,Q] \ E. Take Q1 as in Lemma 2.8, i.e., Q1 := [a,Q] ∩ E. Of course, Q1 + C is
convex and bounded. We claim that

[a,Q1 + C] \ (E + C) = [a,E + C] \ (E + C).

In order to prove this equality, let us fix z ∈ [a,E + C] \ (E + C), not equal to a,
where z = (1− t)a+ t(e+ c), with t ∈ ]0, 1[, e ∈ E, c ∈ C. If (1− t)a+ te ∈ E, then
z ∈ E+C, which contradicts the choice of z. Then, from the first assertion of Lemma
2.8, there exist t1 ∈ ]0, 1] and q1 ∈ Q1 such that (1 − t)a + te = (1 − t1)a + t1q1. If
t1 ≥ t, then

z = (1− t1)a+ t1q1 + tc = (1 − t1)a+ t1

(
q1 +

t

t1
c

)
∈ [a,Q1 + C] .

If t1 < t, one obtains

e =

(
1− t1

t

)
a+

t1
t
q1 ∈ [a,Q1] ,

and hence, e ∈ [a,Q1] ∩ E ⊂ [a,Q] ∩ E = Q1, which proves z = (1− t)a+ t(e + c) ∈
[a,Q1 + C].

Drops have the nesting property; namely, if we take y2 ∈ [y1, E], then [y2, E] ⊂
[y1, E]. Moreover, assuming that [y1, E] is boundedly generated and E is open or
closed, in the next result we show that cl [y2, E] \ clE ⊂ [y1, E] \ E whenever y2 ∈
]y1, E].
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Proposition 2.10. Let a ∈ X and E ⊂ X be a nonempty convex set such that
[a,E] is a boundedly generated drop and a �∈ clE. If E ⊂ X satisfies the hypothesis

(2.5) ∀ c̄ ∈ clE, c ∈ E =⇒ [c, c̄[ ⊂ E,

then, for any y1 ∈ [a,E] \ E and y2 ∈ ]y1, E] \E, one has

cl [y2, E] \ clE ⊂ [y1, E] \ E.

Proof. Let us take any bounded subset Q ⊂ E such that [a,E] \ E = [a,Q] \ E
(see Lemma 2.2). It follows from Lemma 2.8 that the bounded convex set Q1 :=
[a,Q] ∩E ⊂ E is such that [a,E] \E = [a,Q1] \E and, for all y ∈ [a,E] \E, one has
[y, E] \ E ⊂ [y,Q1] \ E.

Fix y1 ∈ [a,E]\E and y2 ∈ ]y1, E]\E, and take any x̄ ∈ cl [y2, E]\ clE. To prove
x̄ ∈ [y1, E] \ E, in the nontrivial case where x̄ �= y2, consider a sequence

{xk}k∈N ⊂ [y2, E] \ clE ⊂ [y2, E] \ E ⊂ [y2, Q1] \ E
converging to x̄. Write xk = λky2 + (1 − λk)ck for some ck ∈ Q1 and λk ∈ [0, 1].
Without loss of generality we may assume λk −→ λ for some λ ∈ [0, 1]. The limit λ
must be lower than one because, if λk −→ 1, then, from the boundedness of Q1, we
have x̄ = y2. Hence, x̄ = λy2 + (1− λ)c̄ for some c̄ ∈ clE and λ ∈ [0, 1[. Observe also
that λ > 0 because x̄ /∈ clE.

On the other hand, from Lemma 2.8 we have y2 = t2y1 + (1 − t2)c
′ for some

t2 ∈ [0, 1[ (t2 < 1 because y2 �= y1), c
′ ∈ Q1 ⊂ E. From (2.5) together with t2 < 1

and λ > 0 we have
(λ(1−t2)

1−λt2
c′ + (1−λ)

1−λt2
c̄
) ∈ E and therefore

x̄ = λt2y1 + (1− λt2)

(
λ(1 − t2)

1− λt2
c′ +

(1 − λ)

1− λt2
c̄

)
∈ [y1, E].

Evidently if the convex set E is open or closed, the hypothesis (2.5) in the previous
proposition is satisfied. Of course there are sets which are neither open nor closed
for which the hypothesis (2.5) is satisfied too. For example, if D is an open convex
set of X such that bdD = Ext (clD), where bdD stands for the boundary of D and
Ext (clD) is the set of extreme points of clD, then any convex set E of the form
E = D ∪R with R ⊂ Ext (clD) satisfies (2.5).

The next theorem, established in [7], will be crucial for proving the existence of
a minimizer in a drop.

Theorem 2.11 (see [7]). Let Y be a nonempty set and let S be a nonempty
subset of Y × Y such that there exists a function g : Y −→ R ∪ {+∞} where (x, y) ∈
S ⇒ g(y) < g(x). Assume that the following condition is satisfied:

(2.6)

{ ∀ {yk}k∈N with (yk, yk+1) ∈ S

∃ y ∈ Y and k0 ∈ N such that (yk, y) ∈ S ∀ k ≥ k0.

Then there exists y ∈ Y such that for all y′ ∈ Y one has (y, y′) /∈ S.
In the theorem below we show that for a given drop [a,E] satisfying (2.5) and a

given function h, we can find a point x̄ ∈ [a,E], which is a minimizer of h on the drop
[x̄, E].

Theorem 2.12. Let X be a real Banach space, E ⊂ X be a nonempty convex
set, a ∈ X, and h : X −→ R ∪ {+∞} be a function such that h(a) < linfx∈E h(x).
Assume that the drop [a,E] is boundedly generated, the set E satisfies property (2.5)
in Proposition 2.10, and h is lsc on cl [a,E]. Then there exists x̄ ∈ [a,E]\E such that
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1. h(x̄) ≤ h(a);
2. h(x̄) < h(y) for all y ∈ ]x̄, E].

Proof. Since the drop [a,E] is boundedly generated, we have the set [a,E] \ E
bounded. Indeed (see Lemma 2.2), there exists a bounded convex set Q ⊂ E such
that [a,E] \ E = [a,Q] \ E. Moreover, for Q1 = [a,Q] ∩ E and x ∈ [a,E] \ E (see
Lemma 2.8), one has x ∈ [a,Q1] \ E and

(2.7) [x,E] \ E ⊂ [x,Q1] \ E.

In order to use Theorem 2.11 for proving the statements, let us define

Y := {u ∈ [a,E] | h(u) ≤ h(a)},
S := {(u, v) ∈ Y × Y | h(u) ≥ h(v) and v ∈ ]u,E]}.

Note that if (u, v) ∈ Y × Y and (u, v) �∈ S, then h(u) < h(v) whenever v ∈ ]u,E];
moreover, u ∈ Y and v �∈ Y imply that h(u) < h(v) whenever v ∈ ]u,E]. Hence in
order to prove the statement, it is enough to find x̄ ∈ Y such that (x̄, y) �∈ S for every
y ∈ ]x̄, E]. If the set S is empty, then the element x̄ := a satisfies the conclusions of
the theorem. Consider then the case S �= ∅. Since h(a) < linfx∈E h(x) ≤ infx∈E h(x)
we get Y ⊂ [a,E] \ E. Therefore, Y is bounded, and furthermore

(2.8) δ := inf
u∈Y

dE(u) > 0

according to the inequality h(a) < linfx∈E h(x) again. We have also

(x, y) ∈ S =⇒ dE(x) > dE(y).

Indeed, take any (x, y) ∈ S. On one hand, h(x) ≤ h(a) since x ∈ Y , and since

h(a) < linf
u∈E

h(u) ≤ inf
u∈clE

h(u),

we have h(x) < infu∈clE h(u); thus x /∈ clE. On the other hand, y ∈ [x,E] \ {x} by
definition of S; then there are t ∈ [0, 1[ and e ∈ E such that y = tx+ (1− t)e. From
the convexity of dE we get

dE(y) ≤ tdE(x) + (1 − t)dE(e) = tdE(x) < dE(x).

Now the idea is to apply Theorem 2.11 with dE in place of g. In order to do that,
let us see that condition (2.6) is satisfied: take any sequence {yk}k∈N ⊂ Y such that

(yk, yk+1) ∈ S.

For this sequence, we have

(2.9) dE(yk) ≥ δ , h(yk) ≥ h(yk+1) , yk+1 ∈ ]yk, E],

and hence

(2.10) [a,E] ⊃ [y1, E] ⊃ [y2, E] ⊃ · · · ⊃ [yk, E] ⊃ [yk+1, E].

This ensures by (2.7) that there exist sequences {tk}k∈N ⊂ ]0, 1[ and {qk}k∈N ⊂ Q1 ⊂
E such that

(2.11) yk+1 = yk + tk(qk − yk).
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Hence, from the convexity of the function dE(·), we get

(2.12) dE(yk+1) ≤ (1− tk)dE(yk) < dE(yk),

and then, for every m ≥ 1, we obtain

dE(ym+1) ≤ dE(ym)− tmdE(ym)

≤ dE(ym−1)− tm−1dE(ym−1)− tmdE(ym)

≤ dE(y1)−
m∑

k=1

tkdE(yk).

The latter inequality combined with the inequality infu∈Y dE(u) > 0 (see (2.8)) im-
plies that the series

∑m
k=1tk converges when m → +∞. On the other hand, from

(2.11) we can write

yn+m − yn =
n+m−1∑
k=n

tk(qk − yk),

and hence

‖yn+m − yn‖ ≤
n+m−1∑
k=n

tk(‖qk‖+ ‖yk‖).

From the boundedness of the sequences {yk}k∈N ⊂ Y and {qk}k∈N ⊂ Q1, we conclude
that {yk}k∈N is a Cauchy sequence, and then there exists y ∈ clY ⊂ cl [a,E] such
that yk → y.

By (2.9), for each k ∈ N we have h(yk) ≥ h(yn) for all n ≥ k; thus h(yk) ≥ h(y),
since h is lsc on cl [a,E]. Let us prove that y ∈ Y and y ∈ ]yk, E], so (yk, y) ∈ S
for all k. Since δ = infu∈Y dE(u) > 0, for k ≥ 1 we have by (2.10) that y belongs
to cl [yk+1, E] \ (E + δBX). Moreover, yk+1 ∈ ]yk, E] (see (2.9)), and therefore from
Proposition 2.10 we get

y ∈ cl [yk+1, E] \ (E + δBX) ⊂ cl [yk+1, E] \ clE ⊂ [yk, E] \ E ∀ k ≥ 1.

It follows from (2.12) that dE(y) < dE(yk), so we have y �= yk for all k ≥ 1. Hence,
h(y) ≤ h(yk) and y ∈ ]yk, E] for all k ≥ 1, and therefore

(yk, y) ∈ S ∀ k ≥ 1.

This means that condition (2.6) in Theorem 2.11 is fulfilled, which ensures the exis-
tence of some x̄ ∈ Y (in Theorem 2.11 take x̄ = y) such that

(x̄, x) /∈ S ∀ x ∈ Y,

thus proving the statements of the theorem.
Remark 2.13. One of the referees1 pointed out to us that Theorem 3.1 in [3] or

Theorem 1 in [10] could be used in place of Theorem 2.11. To do that we must follow
strictly the same development as in the proof of Theorem 2.12 given above. In order

1We thank the referee for this suggestion and the references.
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to make everything clear, we first have to reformulate Theorem 3.1 in [3] or Theorem
1 in [10].

Theorem 2.14 (see [3], [10]). Let (Y, d) be a metric space and let Φ : Y ⇒ Y be
a set-valued mapping such that

(2.13) y ∈ Φ(y) and Φ(Φ(y)) ⊂ Φ(y) ∀ y ∈ Y.

Assume that any Picard sequence {yn}n∈N in Y (that is, yn+1 ∈ Φ(yn)) satisfies
d(yn+1, yn) → 0 as n → ∞, and that any Picard sequence {yn}n∈N with the Cauchy
property converges to some point in

⋂
n∈N

Φ(yn). Then there is some x̄ ∈ Y such that
Φ(x̄) = {x̄}.

Although the statement of Theorem 3.1 in [3] (resp., Theorem 1 in [10]) assumes
the completeness (resp., order-completeness) of the space Y and the closedness (resp.,
order-closedness) of the images Φ(x), the proofs given in [3] and [10] work for the
above statement too.

For applying the previous result, let us consider Y := [a,E] ∩ {u ∈ X | h(u) ≤
h(a)} (with the above notation) and define Φ(y) := {u ∈ [y, E] | h(u) ≤ h(y)}.
Obviously we have y ∈ Φ(y) and Φ(Φ(y)) ⊂ Φ(y) for all y ∈ Y . Further, part
of the proof of Theorem 2.12, where the convergence of the sequence {yk}k∈N to
y ∈ ⋂

k∈N
[yk, E] such that h(y) ≤ h(yk) is shown, can be used to get that any Picard

sequence {yk}k∈N of Φ converges to some y ∈ ⋂
k∈N

Φ(yk); so, it follows from Theorem
2.14 that there is some x̄ ∈ Y such that Φ(x̄) = {x̄}. This point x̄ enjoys the desired
property in Theorem 2.12.

A consequence of Theorem 2.12 is that, for a given drop and a given function, we
can find minimizers of the function on some enlargements of the drop.

Theorem 2.15. Let X be a real Banach space and let C ⊂ X be a nonempty con-
vex set. Consider h : X −→ R ∪ {+∞} and a ∈ domh such that h(a) < linfx∈C h(x)
and the drop [a, C + εBX ] is boundedly generated for every ε > 0. If h is lsc on
a neighborhood of the drop [a, C], then for every ε > 0 there exist ε̄ ∈ (0, ε] and
x̄ε ∈ [a, C + ε̄BX ] such that

1. h(x̄ε) ≤ h(a) and h(x̄ε) < h(y) for all y ∈ ]x̄ε, C + ε̄BX ];
2. h(x̄ε) = linfx∈[x̄ε,C+δBX ] h(x) for all δ ∈ [0, ε̄).

Proof. For ε > 0 take ε̄ ∈ (0, ε] such that h is lsc at each point of the drop
[a, C + ε̄BX ] and

(2.14) h(a) < inf
x∈C+ε̄BX

h(x),

in particular a �∈ C + ε̄BX .
Applying Theorem 2.12 to the open convex set E = C + ε̄BX (which verifies the

hypothesis (2.5) in Proposition 2.10) and the point a, we obtain that there exists x̄ε

in the boundedly generated drop [a, C + ε̄BX ] such that

(2.15) h(x̄ε) ≤ h(a);

(2.16) h(x̄ε) < h(y) ∀y ∈ ]x̄ε, C + ε̄BX ].

Of course (2.15) and (2.16) provide the first assertion of the theorem. In or-
der to get the second assertion, take any δ ∈ [0, ε̄) and let us prove that h(x̄ε) =
linfx∈[x̄ε,C+δBX ] h(x). Suppose that the previous equality does not hold. There is
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ε′ ∈ ]δ, ε̄[ such that x̄ε ∈ [a, C + ε′BX ], and there exist a sequence {zk}k∈N ⊂ X and
a positive number ν > 0 such that

dDδ
(zk) → 0 where Dδ := [x̄ε, C + δBX ],

h(zk) < h(x̄ε)− ν.(2.17)

In that case, for each k ∈ N there are ck ∈ C, uk ∈ BX , tk ∈ [0, 1], and {wk}k∈N ⊂ X ,
with wk → 0, such that

zk = (1− tk)x̄ε + tk(ck + δuk) + wk.

Observe that if

(1− tk)x̄ε + tk(ck + δuk) ∈ C + ε′BX

for infinitely many k ∈ N, then zk ∈ C+ ε̄BX for infinitely many k ∈ N too. It follows
from (2.17) that this is impossible because it contradicts the inequality (2.16). Thus,
for k large enough we have

(1 − tk)x̄ε + tk(ck + δuk) �∈ C + ε′BX .

Lemma 2.2 ensures the existence of a bounded convex set Q ⊂ C + ε′BX such that

[a, C + ε′BX ] \ (C + ε′BX) = [a,Q] \ (C + ε′BX),

and it follows from (2.14) that a �∈ cl (C + ε′BX). Since x̄ε �∈ C + ε′BX for

h(x̄ε) < inf
x∈C+ε̄BX

h(x) ,

applying Lemma 2.8 to the drop [a, C + ε′BX ] and to the point x̄ε in place of x, we
obtain for Q1 = [a,Q] ∩ (C + ε′BX) that

[x̄ε, C + ε′BX ] \ (C + ε′BX) ⊂ [x̄ε, Q1] \ (C + ε′BX).

Thus, recalling that δ < ε′, for k large enough we have

(2.18) yk := (1− tk)x̄ε + tk(ck + δuk) ∈ [x̄ε, Q1] \ (C + ε′BX),

and this yields yk = (1− sk)x̄ε + skqk for some sk ∈ [0, 1] and qk ∈ Q1. Hence,

zk = (1 − sk)x̄ε + skqk + wk = yk + wk.

We may suppose that {sk}k∈N converges to some s ∈ [0, 1]. If s = 0, then the
boundedness of the sequence {qk}k∈N implies zk → x̄ε and by the lsc property of h at
x̄ε ∈ [a, C + ε̄BX ] and (2.17) we obtain

h(x̄ε) ≤ lim inf
k→∞

h(zk) ≤ h(x̄ε)− ν,

which is a contradiction since h(x̄ε) is finite by (2.15). Consequently, s > 0. Therefore,
for k large enough we may write

zk = (1− sk)x̄ε + sk

(
qk +

wk

sk

)
and

qk +
wk

sk
∈ Q1 +

wk

sk
⊂ C + ε′BX +

wk

sk
⊂ C + ε̄BX ,

implying, by (2.16) and (2.17), that

h(x̄ε) ≤ h(zk) < h(x̄ε)− ν,

which is a contradiction. This completes the proof.
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3. Link with other variational principles. The result established in Theorem
2.12 implies the drop theorem obtained in [4], which is equivalent to the Ekeland
variational principle [6], the Krasnosselskii–Zabreiko renorming theorem, the Caristi
fixed point principle, and the generalization of the Bishop–Phelps theorem as it was
proven in [5]; see also [3], [8], [10] for some other related results.

Below, we will give a simple and short proof of the drop theorem using only
statements of Theorem 2.12.

Theorem 3.1 (drop theorem [4]). Let X be a Banach space, S ⊂ X a nonempty
closed set, x0 ∈ X \ S, ε > 0, and r ∈ ]0, R[, where R = dS(x0). Then there exists
x̄ ∈ S such that

‖x̄− x0‖ < R+ ε and S ∩ [
x̄, B(x0, r)

]
= {x̄}.

Proof. Define the function h(x) = dS(x) and the closed convex bounded set
E = B(x0, r). For ε > 0 take a ∈ S such that

‖x0 − a‖ < R+ ε.

It is clear that [a,E] is boundedly generated and the set E satisfies property (2.5) in
Proposition 2.10 (because E is a bounded closed convex set). Also, one has

h(a) = 0 < R− r ≤ linf
x∈E

h(x).

Then, from Theorem 2.12, there exists x̄ ∈ [a,E] \ E such that
• 0 ≤ h(x̄) ≤ h(a) = 0 ⇒ x̄ ∈ S;
• 0 = h(x̄) < h(y) for all y ∈ [x̄, E] \ {x̄} ⇒ S ∩ [

x̄, B(x0, r)
]
= {x̄}.

Finally, since x̄ ∈ [a,E] \ E, there exists t ∈ ]0, 1] and u ∈ B(0, 1) such that

x̄ = ta+ (1− t)(x0 + ru), i.e., x̄− x0 = t(a− x0) + (1 − t)ru,

which implies

‖x̄− x0‖ ≤ t‖a− x0‖+ (1− t)r < t(R+ ε) + (1− t)r ≤ R+ ε,

thus concluding the desired result.
Remark 3.2. In the proof of the above result, one can also use an lsc function

h : X −→ R+∪{+∞} such that h(x) = 0 for all x ∈ S and h(x) > 0 for all x ∈ X \S.
An example different from dS is the indicator function of the closed set S.
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