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Abstract We prove in the general setting of lower semicontinuous functions on
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58 R. Correa et al.

1 Introduction

In the literature of the last 25years we can find several definitions of directional
derivatives stimulated by optimization problems and studies of properties of several
classes of nonsmooth functions. Along with those definitions, naturally arises the
interest to investigate the links that there are between these concepts of directional
derivatives. Our aim is to study such links through a multidirectional mean value
inequality established in Aussel et al. [2]. Such a mean value inequality involving
sets has been provided for the first time by Clarke and Ledyaev [8] in their seminal
paper relative to the Hilbert setting. Examples of the study of some particular relations
between directional derivatives via a geometrical approach (i.e., via relations between
tangent cones) exist in the literature. We can cite Rockafellar [21] who introduced (see
Definition 1) the generalized directional derivative £ (that we denote in the paper by
d" f in order to homogenize the notation) and established, concerning the Clarke
derivative d° f (denoted by £ in [21]), the relation

d' f(%; ) = liminf d° f (¥; v), (1)

for directionally Lipschitzian functions. Also, Ioffe [14] showed that in finite
dimensional spaces for every lower semicontinuous (Isc) function f, the generalized
directional derivative d" f (x; -) is the upper epi-limit (or a I'-limit) of the (lower) Dini
directional derivative d~ f'(x; -) when x — ¢ x, that is,

lim sup inf d” f(x;v) =d f(%; D). )

X—> X V=

Among others, our interest for the study of the above links is that equalities like (1)
and (2) may be used for example to investigate properties of the Rockafellar derivative
of a value function in sensitivity analysis. Observe that other theoretical applications
of (1) and (2) are given in [14], [20] and [21].

In the early 80s, the tangent cone introduced by Clarke in 1973 focussed much
attention because of its relevance in variational and nonsmooth analysis due, in partic-
ular, to its convexity property. On the other hand, the theory of approximating cones
originated by Boulingand [7] was strongly revisited in the same period. The Boulin-
gand tangent cone always contains the Clarke one. Motivated, among others by the
viability theory of differential inclusions, Cornet initiated in the finite dimensional
setting the study of the lower limit of Boulingand tangent cones. Actually, Cornet [10]
and Penot [18] proved that this lower limit is equal, in finite dimensions, to the Clarke
tangent cone. Penot’s approach also yields to the equality for some classes of sets of
Banach space. The general inclusion of the lower limit of Boulingand tangent cones
in the Clarke tangent cone in the context of Banach space has been established by
Treiman [24].

Links between directional derivatives and the theory of approximating tangent cones
are strongly related. In fact, Ioffe in [14] used the result given by Cornet and Penot in
order to prove the above equality (2). Also, the proof of (1) given by Rockafellar in
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Links between directional derivatives 59

[21] is in terms of tangential cones where the epigraph of a function is the involved
set. The proof of (1) and (2) given in [22] also follows the same geometrical approach.

In this work, as we already said, our objective is to obtain links between directional
derivatives with a functional approach, i.e., not using inclusions between tangent and
approximated tangent cones. The principal tool for this purpose is a multidirectional
mean value inequality given by Aussel et al. in [2] for a large class of subdiffer-
ential operators and another corresponding multidirectional mean value inequality
established for the Dini directional derivative, both based on the Ekeland’s variational
principle. The result in [2] is an extension to Banach space of the one of Clarke and
Ledyaev [8] established earlier in the context of Hilbert space (see also [9] for appli-
cations). Another multidirectional mean value inequality has been also provided by
Luc [17]. With these results we can recover the well known inclusions and equalities
from the theory of approximating tangent cones cited above, setting as Isc function the
indicator function of a closed set. Also, we obtain the results given by Borwein and
Stréjwas [6] for weak sequential Bouligand tangent cones in reflexive Banach spaces
as corollary of links that involve the weak lower Dini directional derivative. So, we
provide some more theoretical applications showing how strong is the multidirectional
mean value inequality in [2].

The paper is organized as follows. In Sect. 2 we recall definitions of some non-
smooth analysis concepts. The third section is devoted to establishing the inequality

de()E; v) <lim sup inf d~ f(x;v), 3)

x—px V0

on any Banach space for any Isc function and also the same inequality with the weak
lower Dini directional derivative instead of d ~ f . Finally, in Sect. 4 we investigate clas-
ses of functions for which one has the equality in (3). For this purpose, we introduce
a new directional derivative which is related to the tangent cone defined by Borwein
and Stréjwas in [5].

2 Preliminaries

Throughout all the paper, unless othewise stated, (X, || - ||) stands for a real Banach
space, X* for its topological dual and (-, -) for the duality pairing.

We recall some well known concepts in nonsmooth analysis, as lower Dini, weak
lower Dini, and Rockafellar directional derivatives. They are special limits of the
differential quotient # ~'[ f (x 4 tv) — f(x)]. We recall first the concept of upper epi-
limit or I"-limit (see [1,13,22]). Let ¢ : X x X —> R U {400} be a function and
f 1 X — RU {400} alsc function. For x, v € X the upper epi-limit or I"-limit of
@(x;-) at v when x — ¢ X is the mixed limit

lim sup inf @(x;v) :=supinf sup inf  ¢(x;v)
x> gk VTV §>08>0 xeB;(x,6) VEB@,9)

= sup inf limsupe(xg; vi),
Xp—> X VkV k—400
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60 R. Correa et al.

where B(v,8) = {v € X : |[v —v| < 8} is the open ball centered in v € X with
radius§ > 0, By(x,e) = B(x,e)N{x € X : [f(X) — f(x¥)| < e}, and xp —f X
means x; — x with f(xx) — f(x).

Note that the above definition does not change if we put the closed ball B[v, §] :=
{fveX : |lv—uv| <§}instead of B(v, §).

Definition 1 The lower Dini directional derivative of a Isc function f at a point x
where it is finite, is defined by

d” f(%:0) =liminf 1~ [f (% + rv) = f(D)];

-0t

the weak lower Dini directional derivative by the sequential lower limit, with the weak
topology in the notation vy — v,

dy, f(x;0) = inf,likminft,:][f(i + feve) — f(OL
V=0 k—00

1 —0

and the Rockafellar directional derivative by the following upper epi-limit or I"-limit
of the differential quotient

d' f(%; 9) = lim sup inf :~'[f(x +1v) — F(x)]
x>k v—>v
t—0t

=supinf sup inf T f(x +1v) — f(x)]
§>0 8>0X€Bf(;f,5) UEB(ﬁ,S)
t€]0,e[

= sup inf_limsups, '[f (v + txvr) — f(x)].
e
tk—>()+

Obviously, the definition of d 1 f(x; v) does not change if we put the closed ball B[v, §]
instead of B(v, §).

Also, we recall the definitions of Bouligand, weak sequential Bouligand, and Clarke
tangent cones.

Definition 2 Let S C X be a nonempty closed set. The Bouligand tangent cone to S
at x € S is defined by

T(S; x) := limsupt_l(S —X)

=0t
={veX : 34 —->0", Jvp - vwithu et,:l(S—x)};
the weak sequential Boulingand tangent cone to S at x € S by
TY(S; x) := w — limsupz~'(S — x)
t—0t

= {veX 34 — 07, v — v with vketk_l(S—x)},
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Links between directional derivatives 61

where v — v stands (as in Definition 1) for the convergence with respect to the weak
topology; and the Clarke tangent cone to S at x € S by

Te(S; x) = liminf 1 ~'(S — x')
X *)S.\'

1—0t

={veX :Vxy—>gsx, Vir - 07, Jvp — v with v et,:l(S—xk)},
where x; — ¢ X means x; — X with x; € S.

Directly from the above definitions, we can observe that forx € S and forallv € X
one has (see also [14,21])

Wrps:5) (V) =d Wg(x; v) “4)
Wrp(sio (V) = d, Ws(X; 0) )
W1 (5.5 (0) = d W (X; D) (©6)
where
0 ifxesS
w“”=[+mﬁx¢&

is the indicator function of the set S.
On the other hand, recalling that the epigraph of f is given by

epi f:i={(x,r) e X xR : f(x) <r},

we see directly that forallx e dom f :={x € X : f(x) < +oo},and (v,s) € X xR
one has

d™ Wepi (X, f(X); 0,8) = Wepig- () (V, 8); @)

Ay Wepi (X, f(X)10,8) = Wi 4o (9 (U, 9); (®)

dWWepi p (%, f(5): 0,5) = Wepigt pzey (@, 9): ©)
Wepi p(X + 0, B+5) < Wepi r(X + 0, f(X)+5)

fx)<p= (10)

dﬁ\l’epif()zv B;v,5) < dﬁ‘l’epif()zv Sx);0,8).

Finally, following [12,23] we will call quasi presubdifferential on X any operator
d which associates with any function f : X — R U {400} and any x € X a subset
df (x) of X* and which satisfies the following properties.

(P1) of (x) C X*and df (x) =P if x ¢ dom f;

(P2) 9f(x) = dg(x) whenever f and g coincide on a neighborhood of x;

(P3) 9f(x) is equal to the subdifferential in the sense of convex analysis whenever
f is convex and Isc;
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62 R. Correa et al.

(P4) If f is1sc near x, g convex continuous, and x a local minimum point of f + g,
one has

0 € (limsup af (y)) + dg(x),

y%j‘x

where lim sup denotes here the weak-star sequential upper limit.

3 General inequalities between directional derivatives

In this section we show links between directional derivatives which are established
for any Isc function on any Banach space. In order to obtain these links, we need the
multidirectional mean value inequalities below. The first part is established in [2] for
an operator d which is a quasi presubdifferential, and the second result is given in
terms of the Dini’s derivative which is obtained following an analogous proof to that
of [2].

Let C C X be a nonempty convex set. For § > 0, we set Bs(C) = {x €
X : dc¢(x) < 6}, where d () is the distance function to C. As in [2], we set
re(f): ;tilg yeﬂf«:) F ).

Theorem 1 Let C C X be a nonempty convex closed set, a € X, D = [a,C] :=
fra+ {1 —=Xc : A€[0,1], ce C},and f : X — R U {400} a Isc function
bounded from below on a neighborhood of D. If a € dom f andr < rc(f), then:

(a) For any quasi presubdifferential 9, there exist sequences {x,} C Dom df and
X € df (xp) such that d p(x,) — 0 and

(xp,c—a)y>r— f(a)—(1/n)llc —all —1/n VceC, Vn. (11
(b) There exists a sequence {x,} C dom f such thatd p(x,) — 0 and
d” fy;c—a)=r— f(a)— A /n)||lc—al —1/n YceC, Vu. (12)

Proof One can find the proof of (11) in [2]. The relation (12) can be established
following the proof of (11) in [2].

As a consequence of the above theorem we have the next proposition. Recall first
that a Banach space is an Asplund space provided every separable subspace has a
separable topological dual.

Proposition 1 Let C C X be a nonempty convex closed set of an Asplund space X,
aeX,D=1laCl and f : X — R U {400} a Isc function bounded from below
on a neighborhood of D. If a € dom f and r < rc(f), then there exists a sequence
{x,} C dom f such thatd p(x,) — 0 and

d, fGn;c—a)>r— f(a) — (1/n)llc —all—1/n YceC, Vn. (13)
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Links between directional derivatives 63

In order to prove this result, we need the following lemma.

Lemmal Forallx € Domorf ={x € X : 9 f(x) # @}, one has

x*eopf(R) = (x*.0) <d, f(F:0) Vi eEX,

where O f(x) = {x* € X* : liminf f(xl)_f"l(;,)__x(lf*’xl_ﬂ > 0} is the Fréchet
x'—x
subdifferential of the function f.

Proof (Lemma) Let 0 be in X and x* € 9 f(x). Take any #; — 0% and (v;) con-
verging weakly to v. For every ¢ > 0, there exists ky € IN such that

i LG+ i) = FD] = 0w +elludl Yk = ko,
hence according to the weak lower semicontinuity of the norm

%{il_l)lJirlgt,:l[f(i +tkve) — FO] = (x*, v) +ello]l.

We then deduce d; f(x; v) > (x*, v) + ¢||lv|| for all ¢ > 0, which proves the lemma.

Proof (Proposition 1) In Asplund spaces, the Fréchet subdifferential 0 is a quasi pre-
subdifferential (see for example [12]). Moreover, from Lemma 1, x;' € 9F f(x,) =
(x¥,c—a) <d f(xn; c — a). Replacing in (11) we obtain the desired result.

We establish now the following first inequality.

Theorem 2 For any Isc function f : X —> R U {+o00} one has

de()E; v) <lim sup inf d” f(x;v) Vxedomf, velX. (14)

X—)f)? v—>v

Proof We will develop this proof in two steps. First, we suppose that f is continuous
with respect to its domain in order to obtain (14), and then using this result we will
extend (14) for every Isc function.

Step 1. Fix x € dom f and v € X. By continuity with respect to the domain of f
atx € dom f, we have

Vn>0, 3§ =£&(n) >0 suchthat x € B(x,§) Ndom f = x € Br(x,n). (15)

Also, since f is Isc at x we have that there exists v > 0 such that f is bounded from
below on B(x, v). Let§, n > 0, and ¢ > 0 such that

e(2+ 48+ [vl) < min{§(n), v}
where &(n) is given by (15), and let@ > 0 and §’ €10, 5[.

Letx € By(x,¢) andt €10, ¢[. Put C := x + 1 B[v, 8’]. Note that f is bounded
from below on a neighborhood of D := [x, C] because [x, C] C B(x, v).
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64 R. Correa et al.

Choose y = y(,48,8) > Osuchthat8/+% < 8. Sincere(f) = su% inf ) f,we
y/> y/
have Bir}fc ) f < rc(f)+ta, which yields the existence of some ¢ € C and b € B[0, 1]
Y

with f(c+yb) < rc(f)+ta. Thus, we have some v € B[v, 8’—{—%] C B[v, 8] such
that f(x +tv”) < rc(f) + ta. By Theorem 1 (12), there exists x, = x,(x, t, 8, &) in
dom f such that dp(x,) — 0and

1
d™fn V) = f(x +100") = FO] —a — (/) |]V]| — — VU € B[3,§]

yielding for B := ||v|| +§

. _ _ B 1
f d : N > ¢ 1 f AR P
v/eBlD5] f o v) 2 (o 0) = @] - e notn
and hence
it df(uiv) = i fe ) - fol—a— b oL
v'eB[D,8'] ~ veB[1,6] n tn

Choose ng = no(x, t, 8, €) such that for all n > ng one has d p(x,) < & and hence
there exist «,, € [0, 1]and v, € B[v, 8] suchthat ||x, —d,| < eford, := x + ta,v,.
Thus, for each n > ny

X =XIl < llxp — dnll + lldn — X1 < &+ [IX — x| +tllvall <2e+e(lJv]| +8) <&,
ensuring x, € By(x, n) according to (15) and hence

1
inf NfaEm) - fl< supinf df( ) e+ Db L
veB[v,d] X/EB_f()EJ’]) v eB[v,8] n tn

This entails for all x € Br(x, ¢), t €]0, ¢[

inf ' [fx+1tv)— F(X)] < su inf  d”f(x";v) + .
st TN ) = @) W AR 9 f(xv)

Therefore, we have successively

sup inf T f(x41v)— f(X)] < sup inf d”f(x;v)+a

xeB (%) veB[v,§] x'€Bf(E,m) v'eB[v,8']
t€]0,e[
inf sup inf f(x+1v)— f(x)] < sup inf d”f(x';v) +a
5>0x€Bf(5r,s) veB[v,d] x'€By(%,m) v'eB[v,8']
t€]0,e[
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Links between directional derivatives 65

with n > 0 arbitrary, so

inf sup inf T f(x +1v) — F(x)]

£>0 veB;(v.e) VEBID,]
1€10,¢[

< sup inf  sup inf d”f(x";V) +a
8">01>0 x'e B, (z,y) V'EBLV.8"]

for any §, o > 0, which proves (14).
Step 2. Assume now that f is Isc. We may suppose that the second member of (14)
is less than 4-o00. Fix any r € R such that

r>lim sup inf d~ f(x;v) = sup inf limsupd™ f(xx; vk). (16)

x—px VY Xp—> X VeV k—4-00

Take x; — x and s > f(xx) such that s — f(x). Since f is Isc, one has
f(xx) — f(x) and then x; — y X. From (16) one knows that there exists vy —
v such that d~ f(xx; vk) < r for all k large enough. Using (7) we obtain that
d™ Wepi r (X, f(xk); vi, r) = 0, and from (10) we can deduce d™ Wep; r (X, Sk; Vk, 1)
= 0. Thus, for all (xk, sx) —epi f (X, f(x)) there exists vy — v such that

limsup d™ Wep; 7 (xk, sk; vk, 7) = 0,
k— 400 ‘

which implies

0= sup inf  limsup d~ Wepi r(Xk, Sk; Vk, I'k)
Xk 88) = epi £ (F, £ (0)) OkT) > W) k> oo

= lim sup inf  d” Wepi p(x, 530, r).
(x,8) = epi 1 (¥, f(¥)) W'sr) = (@)

Since Wep; ¢ is continuous with respect to its domain, we obtain by the first step
d"Wepi 7 (X, f(X); ¥, ) = 0 and using (9), we conclude d' f (¥; ¥) < r, which proves
the desired result.

Using Proposition 1 and following the proof of Theorem 2, we obtain the following
theorem giving a similar inequality with the weak sequential lower Dini derivative.

Theorem 3 [f X is an Asplund space then, for all Isc function f : X — R U {400}
one has

de()E; v) <lim sup inf d, f(x;v) Vxedomf, velX. (17)

X—)f)? v—>v

Assume now that the following additional properties hold for the quasi presubdiffer-
ential 9.

@ Springer
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(P5) For any Isc functions f : X — RU {400}, g : ¥ - R U {400} (where
Y is another Banach space), and for (f @ g)(x,y) := f(x) + g(y) one has
IS DQIx,y) CIf(x) xdg(y);

(P6) For any Isc function f and any (x*, —r*) € dWep; s(x, r) one has r* > 0;

(P7) 0Wepi r(x,7) C 0Wepi r(x, f(x)) foranyIsc function f andany (x,r) € X xR;

(P8) For any Isc function f for any x € dom f it is satisfied df (x) = {x* €
X* 0 (x*, —1) € 0Wepi £(x, f(x)}.

Then for a Isc function f : X — R U {400}, if we denote by 9°° f (x) its related
singular presubdifferential at x, i.e.,

0% F(x) = {x* € X* : (x*,0) € Wepi /(x, F(x))},
and if we define
or(x;v) :=sup {(x*, v) i x* e df(x)U 8°°f(x)},

we can obtain another result similar to Theorem 2.

Observe that smaller is the quasi presubdifferential better is the function oy with
respect to the inequality (18) below. All the properties (P1)—(P8) hold in appropriate
spaces for the proximal, Fréchet, and viscosity subdifferentials which are known as
the smallest ones.

Theorem 4 For any Isc function f : X — R U {+o00}, if d is a quasi presubdiffer-
ential that satisfies properties (P5)—(P8), one has

de()E; v) <lim sup inf oy(x;v) Vxedomf, velX. (18)

X—)f)? v=>v

Proof Following the proof of Theorem 2, we see that the arguments of Step 1 (the Isc
function is continuous with respect to its domain) are the same using the correspond-
ing multidirectional mean value inequality (11) from Theorem 1. Thus, we will only
prove the Step 2. Firstly, let us prove that for x € dom f and » > f(x) one has

OWei (X, 750, 8) S 0wy, (X, f(X);0,5) < Wepiopr,y(v, ) V(v,5) € X xR

19)

If we fix x € dom f and r > f(x), we can show that
0 Wepi r(x, 1) C dWepi r(x, 7). (20)
In fact, put g := Wepi s and take any (x*, —r*) € 9*°g(x,r). This means that

(x*, —r*,0) € a“I"epig(x, r,0). As \Ijepig(x’ r,s) = \Ilepif(x, r) + Yo, 400[(5),
according to (P3) and (P5) we have dWep; ¢ (x, 7, 0) C 0Wepi r(x,r) x ] — 00, 0] and
hence (x*, —r*) € 0Wep 7 (x, r), which yields the desired inclusion.
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Links between directional derivatives 67

Fix now any (v, s) € X x R. Inclusion (20) and property (P7) yield
a\I"epif(xa ryy aoolpepif(xa r)y= 8\Ijepif(x» r) C 8\I/epif(xa Sx), (21

which, in particular, entails a\pepif(x, r;v,s) < o\pepif(x, f(x);v,s), i.e., the first
inequality in (19).

Let us establish the second inequality in (19). It is enough to suppose that
Yepiof(x,)(v,8) = 0, ie., os(x,v) < s. Take (x*,—r*) € IWepi r(x, f(x)) U
0%°Wepi r(x, f(x)). By the equality in (21) with r = f(x), we have (x*, —r*) €
9Wepi £ (x, f(x)) and hence r* > 0 according to (P6).

If r* > 0 then, by (P8), we have x*/r* € df(x) and we obtain (x*/r*, v) <'s,
ie., (x*,v) —r*s <O0.

On the other hand, if 7* = 0 we have x* € 9°° f(x) and then (x*, v) < s. With
this inequality and recalling that 3% f (x) is a cone, we conclude (x*, v) < 0. Thus,
forall (x*, —r*) € dWepi r(x, f(x)) U Wep r(x, f(x)) we have proved that

*v) —r*s <O.

(x
This means that the second inequality in (19) holds.
Now we prove the Step 2 (the function f is Isc). We may suppose that the second
member of (18) is less than +oo. Fix any r € R such that

r>lim sup inf of(x;v) = sup inf_limsupoy(xg; vi). (22)
X=X VU xg—> fE UV ksdoo

Take xr — x and s > f(xx) such that s — f(x). Since f is Isc, one has
f(xx) = f(x) and then x; — ¢ x. From (22) one knows that there exists vy — v
such that o ¢ (xg; vy) < r for all k large enough. Using (19) we obtain that oy
(xk, Sg; vg, r) =0.

Thus, for all (xg, sx) —>epi f (X, f (X)) there exists vy — v such that

epi f

limsup oy, (X, Sk; vk, 1) =0,
k——+00

which implies

0= sup inf  limsup o, ; (xk, Sk Vk, 7k)
(X 51) > epi £ (F, f (1)) V7)™ W1) k400

= lim sup inf a\pcpi_/(x,s; v’,r’).

(X.8) = epi f (£, f (£)) (V)= (@r)
Since Wep; ¢ is continuous with respect to its domain, we obtain by the first step
d"Wepi 7 (X, f(X); ¥, ) = 0and using (9), we conclude d' f (¥; ¥) < r, which proves
the desired result.

The links (14) and (17) established between directional derivatives and equalities
(4)—(6) allow us to derive the following well known inclusions between tangent cones.
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The first inclusion (23) below in the context of Banach spaces is due to Treiman [24].
His deep proof is based on the arguments of Bishop and Phelps [3]. Another proof
has been given by Penot [19]. The inclusion (24) (as well as the equality) has been
established for reflexive Banach spaces by Borwein and Stréjwas [6]. The extension
of this inclusion (24) in the setting of Asplund spaces has been obtained by Jourani
[15].

Corollary 1 Let S C X be a nonempty closed set and x € S, then:

liminf Tp(S; x) C Tc(S; X); (23)

X—>gX
and if X is an Asplund space, one has

liminf T (S; x) C Te(S: %). 24)

xX—>g X

Proof Letv € liminf Tg(S; x). Then for all x; — g x, there exists vy — v such that
X—>5X

vk € T(S: xx), hence by (4), Wry(s;x,) (vk) = d™ Ws(xx; vg) = 0, that is,

lim sup inf d" Wg(x;v) = sup inf limsup d~ Wg(xg; vr) = 0.

x—pxVV Xp—>sX kU k—+4o00
From Theorem 2 and using (6) we can write

0=1lim sup inf d” Wg(x;v) > d"Wg(x; 0) = Y. (s:5) (V) = 0,

x—>yp x>V

which proves the inclusion (23).
The proof of (24) is analogous using Theorem 3.

In the next section we analyze some classes of functions for which we obtain the
equality in (14) and (17). These results will imply equalities in (23) and (24) for
corresponding classes of sets.

4 Special classes of functions

In this section we provide a detailed analysis of functions for which one has the equality
in (14) and also in (17). Ioffe in [14] showed the equality in (14) in finite dimensional
spaces. We obtain the same result and we established in addition that the equality
holds for compactly epi-Lipschitzian functions (see [4,16]) and convex functions on
any Banach space. Also, the equality in (17) is established for any Isc function in
reflexive Banach spaces.

The result given by loffe [14] in the finite dimensional setting uses formula (23)
with the equality (see [10,18]). The equality in (14) is obtained in [14] taking as a
closed set the epigraph of a Isc function. In the next proposition we prove loffe’s result
by a direct functional approach. The technique used in the proof will also allow us to
obtain the equality in (14) for general classes of functions.
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Links between directional derivatives 69

Proposition 2 ([14]) If the Banach space X is finite dimensional, then for any lsc
function f and for all x € dom f and v € X one has

lim sup inf d~ f(x;v) =d' f(x; D). (25)

X—)f)_f v—=>v

Proof Fixx € dom f,v € X,a > 0,& > 0,and 6 > 0. Then, forevery x € By(x, ¢)
and v € B[v, 4]

there exist £(x, v) > 0 such that
d=fv) <t fx+00) = fO)] +a (26)
forall t €]0,&(x,v)] and V' € B(v, £(x, v)).

Since B[v, §] is compact,

n
Jv,...,v, in B[v, 8] suchthat B[v, 8] C U B(v;, E(x, v)). 27)
i=1
If wetake v € {v; : i =1,...,n} such that
d”f(x;0) =min{d” f(x;v) 1 i=1,...,n} (28)
and n = min{e, &(x, v1), ..., E(x, v,)}, we obtain

inf d”f(v) <d flx;d) < inf ¢! ') — V1 elo,
(Juf AT f@y) =d fxd) <at inf [f(x+00) —f()] Yielon]

and hence

su inf d (x;v)<a+ su inf T +00) = F(x)].
xer(%’g)veB[f),S] X/egf%g)u/eB[ﬁ,a] [/ ) ()]

O<t<e

fore, § > 0and @ > 0 arbitrary. So the proof of the desired result is complete because
the other inequality is established in Theorem 2.

In the case of a reflexive Banach space, the equality (25) holds with d, (-; -) in
place of d~(-; -). However, the proof in this context requires, because of the sequen-
tial property in the definition of d,; (:; -), some different arguments.

Proposition 3 [f the Banach space X is reflexive, then for any lsc function f and for
all x € dom f and v € X one has

lim sup inf d, f(x;v) = de()E; V).

X—>f.)f vV—=>v
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Proof According to Theorem 3 we only need to prove that the first member of the
proposition is not greater than the second one. Obviously we may suppose d ! f (¥; ©) <
+o00. Fix any real numbers r > d' f(x; 0) and § > 0. By definition of d' f (x; v)
there exist &5 > 0 and s5 > 0 such that

sup inf U f(x+1v)— f)] <7
¥ e Bf(.f, 88) veB[v,d]
t €10, ss[

This yields for every (¢, x) €0, ss[x B (x, €5) some v(t, x) € B[x, §] with

U+ to(, x) — fF0)] < r (29)

The weak compactness of B[v, §] allows us to fix some sequence (t,), in ]0, ss[ con-
verging to 0 and such that (v(#,, x)), converges weakly to some v(x) € B[v,d].
Combining (29) and the definition of d,; f(x; -) we obtain d,; f (x; v(x)) < r and
hence gl[f 5 d, f(x;v) <r. Consequently

ve v,

supinf d, f(x;v) <7
x€B/(x,68) veB[v,§]

which yields

supinf  sup inf d, f(x;v) <r
§>0>0 xeB (x,¢) vEBIV.A]

and completes the required inequality

lim sup inf d, f(x;v) <d'f(%; v).

X—)f)z v—>v

We proceed now to establish the equality (25) for directionally Lipschitzian func-
tions. Recall that f is directionally Lipschitzian at x ([21]) provided there exists 7 € X
such that

fD()E; Z) :=lim supt_l[f(x +1tz) — f(x)] < 4o00. (30)

X=X
-0t
-z

Our proof of (25) for directionally Lipschitzian functions will use the equality
d' f(x; 0) = liminf d° f (¥; v), 31
vV—=>v
which was proven by Rockafellar [21], where

d° f(x; v) = lim sup flx ‘Hvt) - f(x)_
x—>f;

=0t
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Rockafellar proved (31) when f is the indicator function of an epi-Lipschitzian closed
set, so, he worked with sets and then, he concluded putting as epi-Lipschitzian closed
set the epigraph of the directionally Lipschitzian Isc function (recall that a function is
directionally Lipschitzian iff its epigraph is an epi-Lipschitzian set). In the proposition
below, we give a direct analytical simple proof of (31).

Proposition 4 ([21]) If the Isc function f is directionally Lipschitzian at X € dom f,
then for all v € X one has

d' f(%; ) = liminf d° f (%; v).
v—>v
Proof Directly from the definitions we have
d' f(%; v) < liminf d° £ (%; v),
v—>v
for all v € X. Let us prove that
FEG b+ 2y < d? f(E D)+ AfPE )
forallv, w e Xand A > 0.Letv € Xsuchthathf()E; V) <00, w € X,A > 0and
take ¢ > 0, xp — ¢ X, — 0%, and gy — ¥ + Aw. As we will prove in Lemma?2,

there exists vy — v such that tk_l[f(xk + frvg) — fxp)] < dﬁf(i; v) + & with
Xk + trvg — ¢ x. Thus, we write

0 L G+ teqr) — F)] = 10 L Qo+ o) — f (0]
+ 1 L (o + 1k + (g — vi)) — f G+ 1) 1

Since xi + fxvx — ¢ X and (g — vk) — Aw, taking lim sup, we obtain
k— 00

lim sup £ ' [f Gee + tegie) — f ()] < limsup s [f (i + frve) — f ()]
k—+o00 k— 400
+ G )
<d" fE D) + &+ a0 ),
forall e > 0, x;y — ¢ X, and gx — v + Aw. Thus,
OG5+ 2w) < d' G D) + 2O G; w).
If in the above inequality we put z given by (30) in place of w, one has
liminf f2(¢; v) < liminf FOG; 0 +A2) < d! £(F; 0),
v—=>10 A—0t

which proves the result because d°f < f =
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We can now prove (25) for every directionally Lipschitzian Isc function. In the
proof we use a result (see [11]) related to the upper semicontinuity of the function
d°f(;v)forall v € X.

Proposition 5 [f the Isc function f : X —> R U {+00} is directionally Lipschitzian
at x € dom f, then

lim sup inf d™ f(x;v) =d' f(x; D),

X— X v—=>v
forallv e X.

Proof From [11] we know that for all X € dom f we have

limsupd® f(x;v) <d’f(x;v) forall ve X,

xX—> f)?
therefore

limsupd™ f(x;v) < fO(x;v) forall ve X.

X— X

Taking the lower limit lim inf and using Proposition 4 we obtain
v—V

liminf limsupd ™~ f (x; v) < d1 f(x; ),

v—=>v .X—>f)z
which proves the result according to the inequality

lim sup inf d~ f(x;v) <liminflimsupd™ f(x; v).
v—>v

x—>fi v=>v x—>f)f

Another class of functions for which we have the equality (25) is the class of Isc
convex functions.

Proposition 6 [f the Isc function f : X —> R U {400} is convex, then

lim sup inf d™ f(x;v) =d' f(x; D),

X— X v—=>v
forall x € dom f and v € X.

Proof Fix x € dom f and v € X. Take xy — r X, vy — v, and @ > 0. For every k,
there exists 8 = Sk (xk, vxr) < 1/k such that

d™flusv) <t f G +00") — Fa] +a

forall t €]0, 8] and v” € B(vg, ).
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Since f is convex, we have

8L (o + 8kvr) — Fu)] < kL G+ (1/k)ve) — £ ],

therefore d~ f (xg; vr) < o + k[ f(xx + (1/k)vg) — f(xx)]. Taking the upper limit

lim sup and then the infimum inf , we obtain
k—+00 Vk—v

inf limsupd™ f(x;; vx) < a+ sup inf lim suptk_l[f(x,i + tevy) — f(x)]
V>V k400 = px VU k=400
1k—>()+

=a+df(x; D).

Finally, we take the supremum sup in the left-hand side in order to obtain the
Xg—> fX
inequality that we need.

Corollary 2 If the Isc function f : X —> R U {400} is convex, then d~ f is
epi-continuous, i.e.,

d” f(x;v) =lim sup inf d~ f(x;v),

x—px V70V
forall x € dom f and v € X.

Proof Tt is direct from Proposition 6 and the equality d~ f(¥; v) = d f(X; v) for
convex functions.

If in the above results we put as Isc function the indicator function of a closed set,
we get the following results.

Corollary 3 ([6,10,18,24]) Let S C X be a closed set and x € S. Then,

(i) ifdim X < 400 one has
liminf Tp(S; x) = Tc(S; X); 32)
X—>gX

(i) if S is epi-Lipschitzian or convex, one has the same equality (32);

(i) if X is reflexive, one has

liminf T (S; x) = Tc(S; ). (33)

X—>g X

Proof Itis similar to that of Corollary 1, using Propositions 2, 3, 5, and 6 and recalling
(), (5), and (6).

Finally, we prove that the equality (25) holds for every lsc compactly
epi-Lipschitzian function. We point out that Isc functions on finite dimensional spaces
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and directionally Lipschitzian functions are compactly epi-Lipschitzian. Separate
proofs of (25) have been included for a better understanding and for readers who
are not interested in the heavy development of compactly epi-Lipschitzian functions
for that equality.

We begin with the definition of a new directional derivative directly related to a
tangent cone defined by Borwein and Stréjwas in [5].

Definition 3 Let f : X — R U {400} be a Isc function. For all x € dom f and
v € X we define

K= - . . . 1
(V) =S nf inf s nf t tv) —
f (x; ) 528Ké/€(17) :;}>0X531:(p;,€)v63%ﬁ,8]ﬁ1( [f(x +1v) f(X)]
1e]0,e[
= sup inf inf sup inf til[f(x +to+1z7) — f(x)]

§>0 KCB0.8) >0 yeB - (7,¢) 26K
K compact A
te]0,e[

= sup inf sup limsup inlf( tk_l[f(xk + v+ tz) — f(xp)],

KcB(0,8) = z€
§>0 K compact kT fx k=00
rk~>0Jr

where C(v) = {K C X compact : v € K}.

Remark 1 From the above definition, we observe the following facts:

G dtf=<r*
(i) ifdimX < +oo, thend! f = fK.

Following an analogous proof to that of Proposition 2 we obtain the following
result.

Proposition 7 For any lsc function f and for all x € dom f and v € X one has

lim sup inf d~ f(x;v) < fR@G; D). (34)

x_)fj vV—=>v

Proof We follow the proof of Proposition 2 taking any K € K(v). Noting that
B[v, §] N K is compact, we change (27) by

n
Jvy,...,v, in B[v,8] suchthat B[v,8]NK C UB(vi,fS(x,vi)).

i=1

If wetake 0 € {v; : i = 1,...,n}suchthatd™ f(x; D) = min{d~ f(x;v;) : i =
1,...,n}and n = min{e, £(x, v1), ..., E(x, v,)}, we obtain

inf d— ; d- 10
b A7 f () =d7f( D)
<a+ inf TN fe+0)— f(0)] Vrelo,n]
v eB[v,8]NK
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and hence

. — . -1 / / /
sup inf d (x;v) <a+ sup inf T f(x+) = f(x)],
xer()E,s) veB[v,§] x’er()E,s) v eB[v,6]NK [ ( ) ( )]

O<t<e
fore, § > 0,a > 0, and K € C(v) arbitrary, which proves the desired result.
Our objective now is to prove d' f = fX when f is compactly epi-Lipschitzian.

Recall that a Isc function f is compactly epi-Lipschitzian (see [16]) at X € dom f
provided there exists a compact set K C X such that

FOG; K) = limsup in£t_l[f(x +1tb+12) — f(x)] < 4o00. (35)
x— X Z€
t4>(§‘+
b—0

In order to prove the equality d' f = f K for compactly epi-Lipschitzian functions,
we need the two lemmas below.

Lemma?2 Let f : X — R U {400} be a Isc function, x € dom f, and v € X such

that de()_c; V) < +o0. Then, forall ¢ > 0, xp — 7 x, and t, — 07 there exists
v — v such that

limsup#, [ f (xk + tev) — f)] < db f(& D) +e, (36)

k—+00
and xi + tyvg —> ¢ X.

Proof The existence of vy — © satisfying (36) is direct from the definition of d” f.
For k large enough one has

1L G+ o) — fa] < db FE D) +e,

hence f(xx + trvr) < tx(d T f(x;v) +¢€) + f(xr) and we conclude due to the lower
semicontinuity of f that f(x; + trvy) — f(X).

The statement of the second lemma is easily verified.

Lemma 3 Let f D()E; K) be the quantity defined in (35). Then
fD()_c;K)<,3©fD()E;aK)<a/3 forall o > 0.
Theorem 5 If the Isc function f is compactly epi-Lipschitzian at X € dom f, then
d'f(x;0) = f’C()E; v) forallveX.

Proof Fix any v € domd" f(X; -). We only must prove d* f(X; 0) > fX(&; 0). Let
B € R, Kacompact setin X, and R > 0 such that fD()?; K) < Band K C B(0, R).
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Take 8, ¢ > 0, xy — y x and ty — 0%. From Lemma 2 there exists vy — v which
satisfies (36) and x; + fxvx — r X. Since

ol 1 G+ v + k2) — F )] = 10 ' Lf G+ fev) — £ ()]

+ inf ' e+ v+ ez — (o — v) — f (xk + o),
z€(8/2R)K

taking the upper limit lim sup and using Lemma 3, one obtains
k—+00

limsup inf 67 [f O tnu+nz) — f)] < dbFE D) +e+ O (6/2R)K)
k—>—4o00 2€B/2R)K

<d"f(&:0) +e+ (8/2R)B,
for all x; — 7 X and #; — 0T. Since (§/2R)K C B(0, §) we have

~inf  sup limsup inf tk_l[f(xk + v + 1%2) — f(xp)]
KCB(0,8) x;— £% k=400 zeK
K compact [k_)b+

<d" f(%;9) + ¢+ (3/2R)8,
for §, ¢ > 0 arbitrary, which proves the desired inequality.

Theorem 6 If the Isc function f is compactly epi-Lipschitzian at X € dom f, then

lim sup inf d™ f(x;v) =d' f(X; D),

x—)p? vV—>v

forallv € X.
Proof 1t is direct from Theorems 2 and 5, and Proposition 7.

In [5] Borwein and Strojwas introduced the following tangent cone of a closed set
SCXatxeS

Fs:n=U U N [F'S—-0+k]

§>0 >0 KCB(0,8) xeB(%,e)NS
K compact t€]0,e[

We can observe almost directly that
Wresn (@) = (W) (5 1) (37)
and
(Wepi ), F(3):0,8) = (Wi 5 50) (@, 9, (38)

which allows us to obtain the following result given in [5].
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Corollary 4 ([5]) If the closed set S C X is compactly epi-Lipschitzian at x € S,
then

liminf T5(S; x) = F(S; %) = T (S; %).
xX—>gX

Proof 1t is direct from (37) and (38) and Theorem 6. Recall that a Isc function is
compactly epi-Lipschitzian iff its epigraph is a compactly epi-Lipschitzian set.
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